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1. Introduction

The finite-difference time-domain (FDTD) method is a computational
method which aims at numerically solving partial differential equations
(PDEs). The method is as of today utilized in numerous and various scien-
tific domains such as seismology (see, e.g., [1]), medical science (see, e.g.,
[2]), and indubitably acoustics, just to mention a few. Solely in view of
acoustics in which the PDE commonly considered is the linear acoustic
wave equation, the method has been employed for, e.g., the prediction of
head-related transfer functions (HRTFs) (as in [3, 4, 5]), room/architectural
acoustic simulations (as in [6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16]), archaeoa-
coustics (as in [17]), solving scattering acoustic problems (as in [18]), sound
synthesis (see some notable references in [19, pp. 16-17]). The method
gained popularity as the computational power considerably increased since
its birth. New generations of graphics processing units (GPUs) enabled the
simulation of larger volumetric domains and/or finer spatial grids. More-
over, the method is suitable for parallel processing which further improves
its efficiency and attractiveness. Although in some acoustic applications
such as augmented/virtual reality the method is dominated by compu-
tationally more efficient room acoustic modeling techniques such as ray-
and beam-tracing, the FDTD method remains relevant and abundantly
employed in many fields of acoustics, such as room and musical acoustics.
The method can also be considered as an alternative to measurements
when these latter are tedious or even not practically feasible.

However, as any other numerical technique, the FDTD method comes
with limitations. One main limitation is the large computational (memory
and time) cost. For example, for the simplest of the numerical schemes of
the method, that is the standard rectilinear (SRL) scheme, the number
of computations increases by a factor 16 when the spatial grid spacing is
reduced by two. Another major limitation is the set of numerical errors
associated with the FDTD method. While the presence of some of the
errors depends on the problem at hand, the discretization error, which is
commonly assumed to be the dominant error in a PDE-based scientific
simulation [20] [21, p. 286], is typically present in FDTD-computed solu-
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tions. In addition, the techniques to reduce the discretization error within
one numerical scheme are scarce [22]. One commonly employed method
to reduce the error for a given scheme is to resort to oversampling, which
in turn increases the memory usage. As a consequence, a major research
focus has been on the development of more accurate and efficient FDTD
numerical schemes (for wave equation solvers, see, e.g., [23] and more
recently [10, 11, 24]).

In addition to being limited by its large computational cost and sources
of error, there exists another hindrance related to the FDTD method which
manifests itself from the perceptual standpoint. This hindrance is caused
by the discretization error which not only limits the numerical accuracy
of the FDTD-computed solutions, but also the perceptual accuracy by po-
tentially causing audible artifacts when the FDTD-computed solutions
are auralized. Since the use of auralization is customary in room acoustic
applications, care must be taken at the stage of running the FDTD sim-
ulations such that the error does not become audible. One reason which
makes it difficult to explore the limits of audibility of the error is the
variability of the cases that can be simulated. Previous studies focusing on
perceptual evaluations of FDTD simulations dealt with simple cases such
as free-field propagation and/or diotic listening [25, 26, 27]. Motivated
by the recent advances in immersive audio applications, this dissertation
aims at extending these studies to more complex scenarios (i.e. including
room reflections) and to binaural listening.

The remainder of this dissertation is organized as follows. In Sec. 2, the
mathematical formulation of the FDTD method and the main sources of
error underlying the method are provided. Section 3 gives an overview
of the available methods to evaluate the quality of FDTD-computed solu-
tions from a numerical standpoint. Section 4 presents the experimental
methods used in studies investigating the audibility of numerical dis-
persion (including Publications V and IV) prior to describing the earlier
work on the topic as well as the methods to create binaural signals from
FDTD-computed/emulated1 responses. A few concluding remarks on this
dissertation and prospects are indicated in Sec. 6.

1By “emulated”, it is meant that the signal is not the direct output of an FDTD
solver but rather an emulation of an FDTD-computed solution which can be, e.g.,
a signal produced using a dispersion error filter (see also Sec. 4.3.3).
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2. Finite-difference time-domain
method

2.1 Scope of the thesis

Prior to introducing the FDTD method, the scope of this thesis is briefly
stated. The main scope considered in this dissertation considers the room
acoustic simulation context, including binaural synthesis, and as such the
prediction of HRTFs.

As mentioned in Sec. 1, several numerical FDTD schemes were developed
so as to formulate schemes that would be of higher order accuracy than
second-order accurate. In addition, these higher order schemes were
optimized for better efficiency. These numerical schemes mostly differ
by the number of neighboring grid points used to formulate the update
equation. An interested reader is referred to, e.g., [28] for the derivation
of some of these schemes including the octahedral, cubic closed-packed
(CCP), and interpolated wideband schemes. In this dissertation, the three-
dimensional (3-D)-SRL scheme is considered, and as such other schemes
are out of the scope of this dissertation, unless otherwise specifically
mentioned.

2.2 Historical background

The FDTD method is a subclass of the set of numerical methods known as
finite-difference methods (FDMs). FDMs, which are certainly the oldest
of the methods for designing a computer simulation [19, p. 17], aim at
numerically solving ordinary differential equations or PDEs by means of
finite-differences. Perhaps a commonly assumed starting point of finite-
differences history is the seminal paper from Courant, Friedrichs, and
Lewy dated from 1928 [29] (see an English translation in [30]). Another
pioneer of solving PDEs with FDMs is Richardson (see, e.g., [31]). For
time-dependent problems, considerable progress in FDMs was made in

13
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the 1940s - 1950s when large-scale practical applications were enabled by
computers [32]. The interested reader is referred to [32] for a short history
on numerical analysis of PDEs and the development of first FDMs.

In the room acoustics community, perhaps the first use of FDMs can be
traced back to 1960 by Collatz for the calculation of the natural acoustic
frequencies of a rectangular room [33, p. 452], [28, p. 37]. The introduction
of the FDTD method by Yee in 1966 [34] for solving Maxwell’s equations in
space and time on staggered grids sets an important milestone for room
acoustics applications, though the acronym “FDTD” is attributed to Taflove
from his seminal paper from 1980 [35]. Further use of FDMs came later
around the 1990’s with the work from Chiba et al. [36], Botteldooren [37],
van Duyne and Smith [38], and Savioja et al. [39], setting the basis for
further developments on FDMs for room acoustics applications. It is finally
worth mentioning that for other applications, the challenges caused by
using FDTD simulations may differ from these developed in this thesis (e.g.,
for the simulation of outdoor sound propagation, one important concern is
the limitation of the simulation domain by perfectly absorbing boundary
conditions [40]).

2.3 Mathematical formulation

2.3.1 Interior domain

For acoustic problems, the partial differential equation commonly con-
sidered is the continuous linear homogeneous acoustic wave equation
expressed in the 3-D Cartesian coordinate system as

∂2p

∂t2
= c2

(︃
∂2p

∂x2
+

∂2p

∂y2
+

∂2p

∂z2

)︃
, (2.1)

where p(x, y, z, t) is the acoustic pressure, and c is the speed of sound in
the fluid, taken to be air throughout this thesis and all of the subsequent
publications.

The basic principle of the FDTD method is that the differential equation
is replaced by an equivalent difference equation. For the 3-D continuous
wave equation Eq. (2.1), the second-order partial derivatives are typically
substituted with second-order derivative centered finite differences whose
operators δ2t , δ2x, δ2y , δ2z are defined as

δ2t p
n
l,m,i =

pn+1
l,m,i − 2pnl,m,i + pn−1

l,m,i

T 2
+O(T 2) , (2.2a)

δ2xp
n
l,m,i =

pnl+1,m,i − 2pnl,m,i + pnl−1,m,i

X2
+O(X2) , (2.2b)
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δ2yp
n
l,m,i =

pnl,m+1,i − 2pnl,m,i + pnl,m−1,i

X2
+O(X2) , (2.2c)

δ2zp
n
l,m,i =

pnl,m,i+1 − 2pnl,m,i + pnl,m,i−1

X2
+O(X2) , (2.2d)

where O(T 2) and O(X2) represent the truncation orders of the finite-
difference operators.

Substituting the second-order partial derivatives from Eq. (2.1) by their
corresponding centered finite differences from Eqs. (2.2a) - (2.2d) leads to
[41, p. 89], for the SRL scheme ([42, p. 332])

δ2t p
n
l,m,i = c2(δ2x + δ2y + δ2z)p

n
l,m,i , (2.3)

where pnl,m,i ≡ p(x, y, z, t)|x=lX,y=mY,z=iZ,t=nT is the update variable, n de-
notes the time index and l, m, and i are the spatial indices in the x-, y-,
and z-direction, respectively. Considering a cubic Cartesian grid, i.e. with
X = Y = Z, where X represents the spatial step or spatial grid spacing.

Solving Eq. (2.3) for pn+1
l,m,i, the update equation expressing future pressure

values as a function of the present and past pressure values (note that
such a formulation is said to be explicit) can be derived as follows

pn+1
l,m,i = λ2(pnl+1,m,i + pnl−1,m,i + pnl,m+1,i + pnl,m−1,i + pnl,m,i+1 + pnl,m,i−1) (2.4)

+ 2(1− 3λ2)pnl,m,i − pn−1
l,m,i .

where λ = cT/X is the Courant number with time step T = 1/fs, where fs

denotes the temporal sampling frequency.
Note that the FDTD schemes and the digital waveguide mesh (DWM)

based on the same stencil are mathematically equivalent [43, 44]. This
means that the SRL scheme and the Kirchhoff-DWM [45] formulation are
essentially equivalent.

2.3.2 Convergence

A necessary condition for the SRL scheme to be convergent, in which case
the computed solution will converge towards the true and unique solution
as the spatial grid spacing reduces to zero, is to satisfy the Courant-
Friedrichs-Lewy condition [29]. This condition states that the domain of
dependence of the PDE must lie within the domain of dependence of the
numerical method. In effect, for the 3-D-SRL scheme to be convergent, the
Courant number should satisfy the following inequality

λ =
cT

X
≤ 1√

3
. (2.5)

2.3.3 Numerical stability

Besides convergence, numerical stability is another essential requirement
to ensure that the FDTD-computed solutions do not blow up with advancing
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time step. A von Neumann analysis [46, p. 47], whose basis is made on
Fourier analysis, is often considered to determine if a numerical scheme is
stable/unstable. Note however that such an approach to verify numerical
stability was found to be unsuitable for some non-cuboid geometries (e.g.,
L-shaped rooms) in which case other methods such as energy methods can
be applied as alternatives [47].

For the SRL scheme, checking for numerical stability results in the same
upper bound condition as the condition ensuring convergence Eq. (2.5),
that is the Courant number should be λ ≤ 1/

√
3.1

2.3.4 Boundary conditions

It is assumed in this dissertation that the boundaries are frequency-
independent and locally reacting (i.e. the vibration of the boundary is
not considered). Note that in Publication III, the frequency-dependency of
the boundaries was emulated by running several simulations with differ-
ent boundary conditions (each representing a different frequency range)
whose results were combined in a post-processing stage. Also note that
other strategies can be employed (e.g., as in [48]) to include the frequency-
dependency of the boundary surfaces, as observed in practice.

At the boundaries, the solution of the PDE must satisfy the following
continuous boundary conditions

1

cξ

∂p

∂t
= −n · ∇p , (2.6)

where n denotes the outward-pointing unit normal vector to the boundary
surface (pointing from the interior domain to the surface) and ξ ≥ 0 rep-
resents the specific acoustic impedance of the boundary surface (see, e.g.,
[49, p. 261]).

Similar to the formulation of the update equation for the interior domain
derived in Sec. 2.3.1, the partial derivatives expressing the continuous
boundary conditions in Eq. (2.6) are to be replaced by finite differences.
Several types of boundary formulation (using different difference operators)
were proposed in the literature, though the one proposed in [9, 12] whose
numerical stability was demonstrated using a von Neumann analysis was
later found to be unstable in some non-cuboid geometries [47, 50, 51]. This
dissertation is limited to the description and utilization of the boundary
formulation proposed in [13] which was proven to be stable in [52].

This boundary formulation uses the first-order forward difference in
space together with the centered-difference formulation in time. The
boundary formulation interpretation is shown in Figure 2.1. With such a
formulation, the continuous boundary conditions Eq. (2.6) can be replaced

1The Courant number λ was set at the stability limit of the SRL scheme, λ =
1/
√
3, throughout the embedded publications of this dissertation.
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by

pn+1
l,m,i − pn−1

l,m,i

2T
= −cξ

pnl+1,m,i − pnl,m,i

X
, (2.7a)

pn+1
l,m,i − pn−1

l,m,i

2T
= −cξ

pnl,m+1,i − pnl,m,i

X
, (2.7b)

pn+1
l,m,i − pn−1

l,m,i

2T
= −cξ

pnl,m,i+1 − pnl,m,i

X
, (2.7c)

pn+1
l,m,i − pn−1

l,m,i

2T
= −cξ

pnl−1,m,i − pnl,m,i

X
, (2.7d)

pn+1
l,m,i − pn−1

l,m,i

2T
= −cξ

pnl,m−1,i − pnl,m,i

X
, (2.7e)

pn+1
l,m,i − pn−1

l,m,i

2T
= −cξ

pnl,m,i−1 − pnl,m,i

X
. (2.7f)

Figure 2.1. Diagram showing the boundary surface in the positive x-direction. The air
voxels appear in white and the solid voxels of the boundary surface appear in
grey. The grey hatched region is outside of the geometry.

Taking the example of a point located outside of the geometry in the
direction of positive x-axis, Eq. (2.7a) can be reformulated as

pnl+1,m,i = − 1

2λξ

(︂
pn+1
l,m,i − pn−1

l,m,i

)︂
+ pnl,m,i . (2.8)

Substituting Eq. (2.8) into Eq. (2.3) leads to

pn+1
l,m,i =

1

1 + λ
2ξ

[(2− 5λ2)pnl,m,i + (
λ

2ξ
− 1)pn−1

l,m,i (2.9)

+λ2(pnl−1,m,i + pnl,m+1,i + pnl,m−1,i + pnl,m,i+1 + pnl,m,i−1)] .
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Finally, by deriving Eq. (2.3) for the rest of the node positions (i.e. pnl−1,m,i,
pnl,m+1,i, p

n
l,m−1,i, p

n
l,m,i+1, and pnl,m,i−1), a general solution for the node update

can be expressed by

pn+1
l,m,i =

1

1 + λγ
[λ2(pnl+1,m,i+pnl−1,m,i+pnl,m+1,i+pnl,m−1,i+pnl,m,i+1+pnl,m,i−1)

+ (2−Kλ2)pnl,m,i + (λγ − 1)pn−1
l,m,i] , (2.10)

where γ= (6−K)
2ξ , and K represents the number of neighbouring air voxels

to the evaluated grid node: K equals 6 in free space, 5 at a wall, 4 at an
edge, and 3 at a corner.

2.4 Numerical errors

Classic geometrical acoustics (GA) methods assume the sound waves to
propagate as rays [53, p. 89], i.e. the waves propagation is along straight
lines and specular reflections (i.e. the angle of reflection equals the angle
of incidence) are assumed. As such, classic GA does not include diffraction.
Also note that interference (interaction between phase difference of waves)
are also not considered in classic GA modeling [54]. Despite the many
developments made to improve GA models (see [55] for an overview),
theoretically the GA approaches are still limited to the frequency range for
which the basic assumptions are full-filled to offer an accurate modelization
of the sound field.

In contrast to GA methods, the wave-based techniques including the
FDTD method aim at numerically solving the governing PDEs describing
the behavior of sound waves. As such, these latter techniques are free
of assumptions on the characteristics of sound waves. However, these
wave-based methods also come with various sources of (numerical) error.
A good summary of the sources of error in FDTD for the linear wave
equation is presented, e.g., in Table I from [56] in which a priory/formal
order of accuracy of the sources of error and causes are, among others,
listed. Essentially, the order of accuracy quantifies the rate at which an
error decreases with spatial and temporal steps. The following section
gives an overview of these numerical errors as well as commonly employed
strategies to mitigate them.

2.4.1 Discretization

Cause
The discretization error is commonly assumed to be the largest error in a
PDE-based scientific simulation [20] [21, p. 286]. The error is due to the
approximation of the continuous operators by discrete operators. From the
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dispersion relation Eq. (2.15), it can be seen that the error is frequency and
direction dependent (note that this frequency and direction dependency
is also scheme-dependent). It also depends on the choice of the Courant
number (the least amount of the error will be attained at the stability limit
of the SRL scheme). The SRL scheme is second-order accurate in time and
space in the interior domain. The formal order of accuracy (or convergence
rate) becomes one in space at an absorbing boundary and is exact in space
at a rigid boundary. Note that an absorbing boundary corresponds to a
boundary surface with a positive specific acoustic admittance β > 0, where
β = 1/ξ is the inverse of the specific acoustic impedance ξ (see also Sec.
2.3.4). It is worth mentioning that as X and T approach zero, the expected
order of accuracy is determined by the source of error with the lowest order.
This implies that for the employed SRL scheme and temporarily ignoring
the other numerical errors, the expected order of accuracy of FDTD outputs
simulating a room response at a point in the interior domain modelled with
absorbing boundaries would be one. Taking the same problem at hand but
with rigid boundaries, the expected order of accuracy of the FDTD outputs
would become two.

Mitigation strategies
Oversampling is commonly employed to reduce the discretization error
across the valid simulation bandwidth. However, this significantly in-
creases the computational costs since the memory scales with the inverse
third power of the spatial grid spacing [57].

Frequency warping was also used to mitigate the error [58, 59]. This
technique consists in applying (in a post-processing stage) a warped finite
impulse response (FIR) filter to the simulated response. Note that such a
strategy was possible to apply for an isotropic error.

Other higher order numerical FDTD schemes, outside of the scope of this
thesis, are also a viable option to reduce the discretization error as these
schemes were specifically developed to be more accurate and more efficient
(see, e.g., [10]).

Dispersion relation
The dispersion relation which relates temporal frequencies to spatial fre-
quencies allows for a simplistic approach to analyze the phase distortion
that the waves experience due to the discretization of the wave equation.
In fact, dispersion analysis is the most commonly used approach to study
the discretization error [60, p. 51]. It is worth mentioning that the dis-
cretization error is referred to as numerical dispersion or dispersion error
when such a dispersion analysis is used to examine its behavior.

To derive the dispersion relation, it is assumed that the solution of the
wave equation Eq. (2.1) is a continuous plane wave of the form

p(x, y, z, t) = Aej(ωt−kxx−kyy−kzz) , (2.11)
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where A is the amplitude and j denotes the imaginary unit defined as
j2 = -1. The variables kx = k cos θ cosϕ, ky = k sin θ cosϕ, kz = k sinϕ

represent the wavenumber components related to the wavenumber k =√︂
k2x + k2y + k2z , and θ and ϕ are the azimuth and the elevation angles of the

direction of propagation of the wave, respectively.
Discretizing Eq. (2.11) in time and space on a Cartesian grid gives the

form
pl,m,i = Aej(ωnT−k̂xlX−k̂ymX−k̂ziX) , (2.12)

where k̂x, k̂y, and k̂z are the numerical counterparts of the wavenumber
components from Eq. (2.11), related to the numerical wavenumber k̂ =√︂
k̂2x + k̂2y + k̂2z .
Inserting Eq. (2.12) to Eqs. (2.2a) - (2.2d) (with the truncation orders

omitted) leads to

δ2t p
n
l,m,i =

1

T 2

(︁
ejωT − 2 + e−jωT

)︁
pl,m,i , (2.13a)

δ2xp
n
l,m,i =

1

X2

(︂
e−jk̂xX − 2 + ejkxX

)︂
pl,m,i , (2.13b)

δ2yp
n
l,m,i =

1

X2

(︂
e−jk̂yX − 2 + ejkyX

)︂
pl,m,i , (2.13c)

δ2zp
n
l,m,i =

1

X2

(︂
e−jk̂zX − 2 + ejkzX

)︂
pl,m,i . (2.13d)

Recognizing the binomial formula (a − b)2 = a2 − 2ab + b2 and Euler’s
formula for the sine function sinx = ejx+e−jx

2j in Eqs. (2.13a) - (2.13d), these
latter can be simplified as follows

δ2t p
n
l,m,i = − 4

T 2
sin2

(︃
ωT

2

)︃
pl,m,i , (2.14a)

δ2xp
n
l,m,i = − 4

X2
sin2

(︄
k̂xX

2

)︄
pl,m,i , (2.14b)

δ2yp
n
l,m,i = − 4

X2
sin2

(︄
k̂yX

2

)︄
pl,m,i , (2.14c)

δ2zp
n
l,m,i = − 4

X2
sin2

(︄
k̂zX

2

)︄
pl,m,i . (2.14d)

Finally, substituting Eqs. (2.14a) - (2.14d) into Eq. (2.3), the dispersion
relation can be expressed for the SRL scheme as [11, 61]

sin2
(︃
ω
T

2

)︃
= λ2

(︃
sin2

(︃
k̂x

X

2

)︃
+ sin2

(︃
k̂y

X

2

)︃
+ sin2

(︃
k̂z

X

2

)︃)︃
. (2.15)

The largest dispersion error always occurs in one of the extreme direc-
tions bounded by a 3-D cubic region [9]. This worst-case dispersion error
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direction for the 3-D-SRL scheme is the axial propagation direction, in
which case the wave propagates from a source to a receiver in the direc-
tion (θ, ϕ) = (0°, 0°) with respect to the origin of the coordinate system
herein taken as the source position. In contrast, when considering the
space-diagonal of a cube as propagation direction, i.e. with (θ, ϕ) = (45°, ≈
35°), no dispersion error occurs.

Taking the example of the case where k̂y = k̂z = 0 (i.e. an axial propaga-
tion direction is considered2), the dispersion relation Eq. (2.15) simplifies
to

sin2
(︃
ω
T

2

)︃
= λ2 sin2

(︃
k̂x

X

2

)︃
. (2.16)

Solving Eq. (2.16) for k̂xX leads to

k̂xX = 2arcsin

(︃
1

λ
sin

(︃
ωT

2

)︃)︃
. (2.17)

The argument of the arc sine function can be greater than unity, in which
case the function will result in complex-valued numbers [61, 62]. This
implies that if 1

λ sin
(︁
ωT
2

)︁
> 1, the wavenumber component will be complex

and thus will be exponentially decayed. The threshold between real and
complex wavenumbers is reached when λ = sin

(︁
ωT
2

)︁
, that is when ωT

2 =
arcsin (λ). This implies that there exists a “cutoff” frequency (this term
appears in, e.g., [63, 14]) which determines the highest frequency of the
wave that can propagate in the axial direction without being attenuated.
At the stability limit of the SRL scheme, i.e. when λ is set to 1

√
3, this

cutoff frequency is f = arcsin (λ)/π ≈ 0.196fs.
Taking the other extreme example of the case where k̂x = k̂y = k̂z = k̂d

(i.e. a space-diagonal direction is considered), and following the same
two steps as above (i.e. simplifying the dispersion relation Eq. (2.15)
and solving it for k̂dX), the cutoff frequency with λ = 1/

√
3 would be

f = arcsin (1)/π ≈ 0.5fs.
These two results imply that there exists a cutoff frequency which deter-

mines the highest frequency of the wave that can propagate in all directions
without being attenuated. For the SRL scheme with a Courant number
λ = 1/

√
3, this cutoff frequency corresponds to the lowest cutoff frequency

of all directions which occurs for the axial propagation direction, and thus
is f ≈ 0.196fs (as demonstrated above).

Phase velocity error
From the dispersion relation Eq. (2.15), the relative phase velocity can be
defined as the ratio between the numerical wave speed ĉ and the real sound
wave propagation velocity c. The relative phase velocity is commonly used

2There are four other axial directions which can be defined by fixing the wavenum-
ber components to k̂x = k̂y = 0 or to k̂x = k̂z = 0.
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Figure 2.2. Percentage of phase velocity error in the x-y plane exhibiting the worst-case
dispersion error (left) and in the space-diagonal plane exhibiting the case
where no dispersion error occurs (right). The upper limit of the colorbar is
capped to the maximum phase velocity error percentage which is ≈ 32%.

to express the extend of numerical dispersion3 in room acoustic-related
studies [41]. It is given by

v̂(k̂x, k̂y, k̂z) =
ĉ

c
=

ω(k̂x, k̂y, k̂z)

ck̂(k̂x, k̂y, k̂z)
. (2.18)

From Eq. (2.18), the direction and frequency dependence of numerical
dispersion is exhibited. Solving Eq. (2.15) for ω gives

ω =
2

T
arcsin

⎛
⎝λ

⌜⃓
⎷⃓sin2

(︄
k̂xX

2

)︄
+ sin2

(︄
k̂yX

2

)︄
+ sin2

(︄
k̂zX

2

)︄⎞
⎠ . (2.19)

Inserting Eq. (2.19) into Eq. (2.18) leads to

v̂(k̂x, k̂y, k̂z) =

2 arcsin

(︃
λ

√︃
sin2

(︂
k̂xX
2

)︂
+ sin2

(︂
k̂yX
2

)︂
+ sin2

(︂
k̂zX
2

)︂)︃

λ
√︂
(k̂xX)2 + (k̂yX)2 + (k̂zX)2

.

(2.20)
From the relative phase velocity Eq. (2.20), the phase velocity error,

which is shown for the worst-case dispersion error and the no dispersion
error case in Figure 2.2, can be defined (in %) as

εpv = (1− v̂(k̂x, k̂y, k̂z))× 100 (2.21)

2.4.2 Voxelization

Cause
The voxelization error is due to the approximation of the continuous ge-
ometry by cubic cells. The error depends on the numerical scheme, the

3Recall the distinction between the discretization error and the numerical disper-
sion/dispersion error.
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voxelization algorithm [64], the geometry of the problem at hand, the mesh
alignment and orientation, the grid origin and the wave incidence angle
[65]. The formal order of accuracy of the voxelization error is one in space
for distances (i.e. O(X)).

Mitigation strategies
Recent approaches have included immersive boundaries using delta func-
tions to emulate boundaries [66].

The finite-volume time-domain method, though outside of the scope of
this dissertation, is a reliable alternative to correct for the voxelization
error where fitted cells are a better representation of the boundary surface
[67].

2.4.3 Round-off

Cause
Limitation of the computer precision to represent numbers.

Mitigation strategies
The precision can be increased at the expense of more memory require-
ments. For example, double as opposed to single precision may be preferred
for running simulations since the round-off error in single precision has
been known to cause late-time instabilities (after O(104) time-steps) using
the SRL scheme at, or very close to, its stability limit [68, 69].

2.4.4 Pollution

Cause
Pollution is due to the accelerated growth with frequency in higher order
terms of the discretization error. Issues dealing with the pollution error at
large wave numbers are extensively discussed in [70].

2.4.5 Interpolation

Cause
The interpolation error is due to the approximation of the position of the
desired grid nodes to be computed, for both the source(s) and the receiver(s)
involved. The interpolation error is of first order in space (i.e. O(X))
since when no spatial interpolation is applied, the desired source/receiver
location is snapped at the nearest neighbor grid location.
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Mitigation strategies
Trilinear spatial interpolation can be applied to both the source and the
receiver positions in order to avoid these position-related inconsistencies.
For the receiver, trilinear spatial interpolation consists in simultaneously
simulating eight grid points located at neighbour nodes from the targeted
receiver grid location. The response from each of these neighbouring grid
points are then added with appropriate weighting to result in a single
(interpolated) response. Similarly for the source, the eight neighbouring
points can be driven simultaneously in one simulation run, with the appro-
priate weightings. Though trilinear spatial interpolation does not require
to run additional simulations at the neighbouring grid points, note that in
Publication I and Publication II, the spatial interpolation for the source
was done using eight separate simulations (containing a single source
grid point each) since the employed FDTD code did not support the use
of multiple sources in a single simulation run. Such a trilinear spatial
interpolation was for example used in Publication I and Publication II.
Alternatively, note that far better interpolants are available (see, e.g., [71]).

2.5 Input parameters

Previous sections discussed generalities related to the mathematical formu-
lation of the SRL scheme of the FDTD method. The following subsections
present some of the main user-defined input parameters which not only
are commonly required to run an FDTD solver but also are controlling the
output of an FDTD simulation. This section highlights that these input
parameters need to be based on informed choices from the user since the
resulting FDTD outputs may strongly differ depending on their selection.

2.5.1 Reflection coefficient

The random-incidence sound absorption coefficient, which is often used in
GA methods, can be expressed as follows [53, p. 49]

αrandom =

∫︂ π/2

0
α(θ) sin (2θ)dθ , (2.22)

where θ is the colatitude (see the definition in paragraph 3.1.2) of the
incident acoustic wave with respect to the surface normal taken as the
vertical axis.

In contrast to GA methods, the acoustic impedance of the boundary
surface material Zs is often required as input in deterministic methods
for sound field computation, such as wave-based methods. A general
formulation known for the relation of the absorption coefficient and the
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acoustic impedance is [72]

α(θ) = 1− (ξ cos (θ)− 1)2

(ξ cos (θ) + 1)2
. (2.23)

with ξ = Zs/Z0, where Zs and Z0 = ρc are the acoustic impedance of the
boundary surface and the characteristic impedance of the air with density
ρ, respectively.

Inserting Eq. (2.23) into Eq. (2.22) and applying the following change of
variables

cos (θ) = u =⇒ du = − sin (θ)dθ , and sin (2θ) = 2 cos (θ) sin (θ) = −2udu ,

Eq. (2.22) becomes

αrandom = −
∫︂ 0

1

(ξu+ 1)2 − (ξu− 1)2

(ξu+ 1)2
2udu ,

= 8Z

∫︂ 1

0

u2

(ξu+ 1)2
du . (2.24)

Applying another change of variables as follows

x = ξu+ 1 =⇒ u2 =
x2 − 2x+ 1

ξ2
, and dx = ξdu =⇒ du =

dx
ξ

,

Eq. (2.24) can be re-written

αrandom =
8

ξ2

∫︂ 1

0

x2 − 2x+ 1

x2
dx ,

=
8

ξ2

[︃
x− 2 log (x)− 1

x

]︃1

0

,

=
8

ξ2

[︃
(ξu+ 1)− 2 log (ξu+ 1)− 1

(ξu+ 1)

]︃1

0

,

=
8

ξ2

[︃
(ξu+ 1)2 − 1

(ξu+ 1)
− 2 log (ξu+ 1)

]︃1

0

,

=
8

ξ2

(︃
ξ(ξ + 2)

(ξ + 1)
− 2 log (ξ + 1)

)︃
,

=
8ξ(ξ + 2)/(ξ + 1)− 16 log (ξ + 1)

ξ2
. (2.25)

From Eq. (2.25), the impedance Zs can be retrieved using the bisection root-
finding method, e.g., as implemented in [73]. The implementation from
[73] was used in Publication III with the option TolX set to machine epsilon
in single precision, the target vector set to [0.001; 1] with 0.001 increments,
and the root search limited to solutions contained in the interval [1×103;
1.9×106] kg/m2s.

25



Finite-difference time-domain method

This means that as an alternative to using random-incidence absorption
coefficients, the acoustic impedance of the boundary surface material Zs

can be utilized to set the reflection coefficient R commonly employed in
FDTD solvers. The conversion between acoustic impedance of the boundary
surface and reflection coefficient is as follows

R =
Zs − Z0

Zs + Z0
=

ξ − 1

ξ + 1
. (2.26)

2.5.2 Source

There are two aspects to consider to define the source within an FDTD
framework. The first aspect is the source driving function which excites
the FDTD grid, also referred to as the source excitation signal. The second
aspect is the strategy adopted to inject the source excitation signal at a
grid node. Examples of commonly used source excitation signals include
the Kronecker delta (as in Publication III, [11]), Gaussian pulse (as in
Publication I and Publication II), sine-modulated Gaussian pulse (as in
[74]), Ricker wavelet (as in [75]), raised cosine pulse (as in [52]). The choice
of the signal depends on the application. For example, an impulse signal
is practical as it is the shortest, thus the most efficient in reducing the
overall simulation run-time [76], and since it comprises all frequencies
in equal amount. While technically these aforementioned sources are
omnidirectional, incorporating source directivity has also been proposed
using a set of Kronecker deltas (as in [77]) or using a series of differential
operators associated with the spherical harmonic (SH) functions (as in [78]).
In order to ensure consistency of the source amplitude across different
spatial grid spacings using a Kronecker delta as the driving excitation
signal, the amplitude of the resulting signal must be scaled such that the
direct sound corresponds to a physical quantity [79].

As for the implementation of the source grid node, the employed strate-
gies are the so-called hard, soft, and transparent source. These different
source types, which produce different results (as shown in, e.g., [76]),
mostly differ in terms of how the update equation is formulated at the
source grid node and come with both advantages (e.g., ease of implemen-
tation like for the hard source) and disadvantages (e.g., introduction of
numerical artefacts like for the soft source). Another source model was
also formulated in [80] and further discussed in [81].

2.5.3 Temporal sampling frequency

The temporal sampling frequency of a simulation, denoted fs, is inversely
proportional to the spatial grid spacing X (recall the definition of the
Courant number as λ = c/Xfs). This parameter, which is required as a
user input to run some open source FDTD solvers for acoustics ([82], [83]),
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controls the accuracy of the computed solution. Other FDTD solvers, such
as [84], demand the spatial grid spacing as input, which in term poses the
same question on the grid resolution.

In order to choose the sampling frequency of a simulation (or the spatial
grid spacing), the phase velocity error (also see Sec. 2.4.1) was the basis
of several attempts to either define an accuracy criterion or to limit the
amount of numerical dispersion over a given frequency bandwidth. For
example, a 2% phase velocity error limit was employed in, e.g., [9, 25,
85, 86, 87] while a 10% error was used in [88], thus permitting to set
the sampling frequency parameter. While there seems to be a common
agreement on setting the phase velocity error at a relatively low percentage
(e.g., compared to the maximum error percentage of the SRL scheme which
is around 32% as shown in Figure 2.2), these studies usually differ in terms
of frequency up to which the phase velocity error limit is calculated which
makes them hard to compare. Moreover, the choices seem rather arbitrary
since they are rarely motivated.

Overall, it seems that such a strategy to set the sampling frequency
parameter (i.e. choosing a low phase velocity error percentage to limit
the dispersion error over a frequency bandwidth) can only be safe if based
on prior studies. This holds especially considering that the “operational
validity” [89] of an FDTD-computed solution differs depending on the
application, and thus that the desired accuracy of a simulation result be
different depending on the context or the problem at hand. For example,
simulating a 1m3 rigid cubic room response to predict its eigenfrequencies
using different sampling frequencies (as in Publication III) revealed that a
very low error level such as 0.02% phase velocity error seems satisfying.
Using phase velocity error percentages of 2% and 10% were however not
sufficient to predict the analytic (or exact) eigenfrequencies rounded to the
nearest integer.

It may also be helpful to consider the geometry to be simulated as a
basis to choose the sampling frequency. For example, in [90], the sampling
frequency was chosen based on the size of the scattering elements such
that they would be represented at an appropriate level of detail. Unfortu-
nately, unlike boundary element method (BEM) solvers which often use the
rule-of-thumb of six elements per wavelength [91], such rules are hardly
applicable to the FDTD method since the discretization is volumetric (the
discretization of the boundary surfaces only are required in BEM).

Alternatively, the sampling frequency can be chosen based on perceptual
aspects. For example, it can be set such that the dispersion error is
inaudible in auralizations (see Sec. 4 for a more detailed discussion).
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Physical models are essentially mathematical models (i.e. the PDEs of
interest, such as the linear acoustic wave equation) which are derived based
on some elementary principles, such as the conservation of momentum
and mass [60, p. 41], and represent physical events/phenomena. In order
to study these phenomena, computational models are derived from the
physical models by means of computational methods such as the FDTD
method. As such, the computational model is an approximation of the
physical model which itself is an approximation of the physical event.

In order to ensure that the results from the computational model (i.e. here
the FDTD-computed solutions) can be trusted, verification and validation
(V&V) activities should be undertaken. Although such activities should be
undertaken, it is worthwhile to mention that different execution strategies,
ranging from informal (e.g., visual/graphical inspection) to formal methods,
are applied in practice for model evaluation [92]. Moreover, because the
V&V processes are applied to broad and various scientific and technological
areas, the definitions and the concepts differ across disciplines [93]. This
dissertation considers formal methods for conducting V&V activities and
the following definitions [93],

• “Verification”: The process of determining if a computational model
obtained by discretizing a mathematical model of a physical event and
the code implementing the computational model can be used to represent
the mathematical model of the event with sufficient accuracy.

• “Validation”: The process of determining if a mathematical model of a
physical event represents the actual physical event with sufficient accu-
racy.

From these definitions, “sufficient accuracy” is left open since it depends
on the “operational validity” [89] of the FDTD-computed solution.

As can be seen in Figure 3.1, which summarizes the elements implicated
in an V&V activity, the validation process relates the computational model
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to the observed real-world phenomenon (or physical event) while the verifi-
cation process relates the former to the physical model. These relations are
essentially done by comparisons. Note that in a verification process, the
physical model does not require any relationship to the real world or phys-
ical event. This chapter presents an overview of the verification process in
the context of HRTF prediction, which was undertaken in Publications I
and II. Comparisons of FDTD-computed solutions with measurement data
and fast multipole boundary element method (FMBEM) results are also
discussed in the context of room acoustic modelling. Some results from
these comparisons are presented in Publication III.

Figure 3.1. Simplified schema displaying the elements implicated in an V&V activity, and
their relationship.

3.1 Verification

A verification process comprises two procedures which aim at evaluating
the precision and the accuracy of a computational model’s result. These
procedures are to be undertaken separately and in the following order:
i) code verification, ii) solution verification. Two application examples,
related to the problem of HRTF prediction, where these two procedures
were applied are described in Publications I and II.

3.1.1 Code verification

Code verification is a mathematical process which aims at ensuring that
there exists no coding mistake or inconsistencies in the implementation of
the discrete mathematical model in use. As mentioned previously, this dis-
sertation considers formal methods which, for the code verification process,
includes the order-of-accuracy test [21, pp. 174-175]. In fact, the order-of-
accuracy test is considered to be the most rigorous of the code verification
criteria [21, p. 175]. This process commonly entails the computation of
order-of-accuracy (or convergence rate) estimates to determine if the dis-
cretization error behave as expected, that is if the error reduces at its a
priory/formal order of accuracy. Said differently, such a code verification
process consists in comparing the expected (i.e. formal) order of accuracy
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with the observed (from FDTD-computed solutions) order of accuracy for
the discretization error. The formal order of accuracy can be determined
based on, e.g., global error estimation methods (see [94] for an overview
of some of the techniques). In this dissertation, the formal order of the
employed SRL scheme (i.e. the expected rate of decreasing error as X

tends towards zero) is given by the following expression of the discrete
pressure solution at some fixed point in space r1, as X and T tend towards
zero, [60, p. 52], [95, p. 217]

P t
r1(t, T,X) = p(r1, t) + εt(r1, t)T 2 + εr1(r1, t)Xq +HOT(r1, t) , (3.1)

where P t
r1 is the FDTD-computed solution at the location r1 in space and

time t, p denotes the asymptotic solution, εt and εr1 are the coefficients
of the temporal principal error term (PET) and spatial PET, respectively.
HOT denotes the higher order terms. q = 1 (with absorbing boundaries)
or 2 (with perfectly reflecting boundaries), represents the convergence
rate. Eq. (3.1), which made use of error propagation, also includes the
discretization error at the boundary and assumes that no round-off or
voxelization error exists [60, p. 52].

Though Eq. (3.1) expresses the discretization error behavior, it is worth
mentioning that the expected order of accuracy will be limited to the lowest
order of accuracy of all the errors present in the problem at hand in the
limit as X tends towards zero. This means that in the presence of the
voxelization error, whose order of accuracy in space is one (see Sec. 2.4.2),
the expected order of accuracy will be also one when empirically evaluating
the discretization error behavior in practice.

In addition to the expected rate at which the discretization error de-
creases as a function of spatial grid spacing, the code verification process
requires a known analytic or manufactured solution (see, e.g., [96, 97] for
overviews on the method of manufactured solutions) against which the
computed solutions are compared. The accuracy of the analytic solution
or manufactured solution must be demonstrated to a precision that is
as-high-as needed for the problem at hand (i.e. often, the desired precision
is machine epsilon). However, highly accurate solutions are known only
for a relatively small number of simplified problems [98] which implies
that the code verification tasks are limited to few cases. It is also worth
mentioning that some notable publications recommend that the use of an
infinite series as an analytic solution be avoided [99, p. 111]. If infinite
series solutions are used (as in Publications I and II), the convergence of
the series must be quantitatively examined for each solution computed.

Once the expected (i.e. formal) order of accuracy and the analytic (or
manufactured) solution are known, the observed (from FDTD-computed
solutions) order of accuracy remains to be estimated. To evaluate the
discretization error from FDTD-computed solutions, the basic equation is
the asymptotic (i.e. in the limit of infinitely small time T and spatial X
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steps) expansion expressed as follows (see, e.g., [100, 101])

εi = fi − fanalytic = γXq
i +HOT , (3.2)

where γ represents the coefficient of the PET. fanalytic and fi are the analytic
and simulated (on the ith FDTD spatial grid spacing Xi) functions f ,
respectively.

Typically and in practice, a code verification consists in running two
simulations with their temporal sampling frequencies related to each
other by a grid refinement ratio defined as τ = Xi+1

Xi
> 1, with Xi < Xi+1

[21, p. 311]. Assuming that the HOT from Eq. (3.2) are negligible which
implies that the solutions are in the asymptotic range [101], the two FDTD-
computed solutions are expressed as follows

εi = fi − fanalytic = γXq
i , (3.3)

εi+1 = fi+1 − fanalytic = γXq
i+1 . (3.4)

Taking the ratio of εi+1 over εi, and linearizing the result using a logarith-
mic function, the following equation to estimate the convergence rate q is
obtained

q =
log10

(︂
fi+1−fanalytic
fi−fanalytic

)︂

log10(τ)
, (3.5)

where τ = Xi+1

Xi
is the FDTD spatial grid refinement ratio. fi and fi+1

are some arbitrary functions f (see paragraph 3.1.2 for a concrete exam-
ple of an f function) simulated on the FDTD spatial grids Xi and Xi+1,
respectively, with Xi < Xi+1.

More than two simulations can also be employed to estimate the conver-
gence rate q, as in Publications I and II, in which case a linear regression
model can be used as the convergence rate estimation procedure. The
linear regression model is obtained by neglecting the HOT in Eq. (3.2) and
applying a logarithm function on both sides of Eq. (3.2), leading to

log10(fi − fanalytic) = log10(γ) + q log10(Xi) . (3.6)

The slope resulting from the least squares fit of the linear regression
model expressed in Eq. (3.6) gives the convergence rate estimates q.

Weighting on the spatial grid spacing can be further applied to the
linear regression model expressed in Eq. (3.6), as proposed in [100]. These
weights are defined as

wi =
1
Xi

ng∑︁
i=1

1
Xi

, (3.7)

where ng denotes the number of grids used in the linear regression model.
The code verification task is considered successful, and thus the FDTD

code verified, if the obtained convergence rate estimates are equal to the
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formal order at which the discretization error was expected to behave.
It is also assumed that the obtained convergence rate estimates are in
the asymptotic range if they are within a typical tolerance of ± 10% [21,
p. 326].

Furthermore, the 95% confidence intervals (CIs) on the convergence rate
estimates can be computed, e.g., by using a bootstrapping method such as
the bias-corrected and accelerated bootstrap method introduced in [102],
as employed in Publications I and II.

3.1.2 Solution verification

Solution verification is the mathematical process aiming at quantifying
the errors underlying the discrete mathematical model. It is always pre-
ceded by the code verification. Unlike the code verification, the solution
verification does not require a known solution. As such, it implies that the
solution verification is not always performed on the same problem at hand
than the code verification.

Solution verification usually consists in quantifying the discretization
error or computing asymptotic predictions (as in Publication I and Publi-
cation II) from a series of simulations. A commonly employed method for
error estimation is the h-extrapolation method of Richardson [103] whose
assumption is that the FDTD-computed solution is in the asymptotic range.
As for computing asymptotic predictions, the intercept resulting from the
least-squares fit of the first-order asymptotic model expressed as follows
[56] can be considered

fi = fasymptotic + βXi , (3.8)

where fasymptotic denotes the sought asymptotic prediction and β represents
the coefficient of the PET. Note that fasymptotic is estimated solely based on
the series of FDTD simulations.

Alternatively, other linear regression models, such as second-order (as de-
scribed by Eq. (3.9)) or combined first- and second-order type (as described
by Eq. (3.10)), can be considered. However, when these models are used for
predictions (as in the solution verification task), it is important to choose
the correct one. That can be achieved through the use of, e.g., knowledge
of error behavior or hypothesis testing on model parameters [56].

fi = fasymptotic + βX2
i , (3.9)

fi = fasymptotic + β1Xi + β2X
2
i . (3.10)

The asymptotic prediction can be compared with the grid-to-grid com-
puted solutions, and its quality can be assessed using statistics, e.g., with
the 95% CIs (similarly to Sec. 3.1.1).

Additionally and separately from the solution verification procedure
which does not require a known analytic solution, the accuracy of the
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solution verification procedure was further assessed with respect to the
analytic solution in Publication II. This was possible due to the availability
of the analytic solution.

Application to HRTF predictions
The HRTFs encode the sound field that is produced by a sound source and
captured at an individual’s ears in the free field. Measurement procedures
for HRTFs can be long (e.g., in cases where the measurement resolution is
fine) and difficult for the listener since body movements are in principle
prohibited to ensure consistent posture across measured source positions
and a correct alignment between the source and the listener’s head/torso
orientation. In addition, there exist several sources of variability occurring
on the measured quantities [104]. Contrary to these measurements, FDTD
solvers which implement a deterministic model and do not require the
listener’s presence can provide a powerful and practical alternative tool to
obtain HRTFs.

Motivated by the context of HRTF predictions using FDTD simulations,
the function f from Secs. 3.1.1 and 3.1.2 represented the HRTFs of the
single sphere and snowman models in Publications I and II, respectively.
The definition of the HRTFs of the two geometries, shown in Figure 3.2
(middle) and (right), is given as follows

H(r, θ, ϕ, f) =

⃓⃓
⃓⃓Phead(r, θ, ϕ, f)

Pinc(r = 0, f)

⃓⃓
⃓⃓ , (3.11)

where f denotes the frequency, Phead is the Fourier-transformed pressure
on the surface of the sphere/snowman head at the position indicated by (r,
θ, ϕ). Pinc denotes the Fourier-transformed pressure of the incident wave
measured in the free field at the sphere/snowman head center. In contrast
to the convention of the spherical coordinates used in Sec. 2.4.1, in this
particular definition the spherical coordinates (r, θ, ϕ) follow [105] and are
shown in Figure 3.2 (left). Note from Eq. (3.11) that the phase response of
the HRTFs is not considered.

To obtain H from the FDTD simulations, the discrete Fourier-transform
is computed as a post-processing stage separately for the FDTD-computed
pressure generated in the presence of the sphere/snowman model to obtain
Phead as follows

Phead =

N−1∑︂

n=0

xne
−j 2π

N
kn , (3.12)

where N denotes the total number of time-steps of the FDTD-computed
pressure in the presence of the sphere/snowman model, xn denotes the
FDTD-computed pressure in the presence of the sphere/snowman model at
the n time step, k = 0, 1, ..., N -1, and j denotes the imaginary unit defined
as j2 = -1 as in Eq. (2.11) from Sec. 2.4.1.

The discrete Fourier-transform is re-computed following Eq. (3.12) for
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Figure 3.2. (left) Spherical coordinates following the ISO 80000-2:2019 convention [105].
(middle) and (right) Front and back view of the H function computed over
the entire surface of the snowman model from Publication II, respectively.
Here, Phead is the Fourier-transformed pressure on the entire surface of the
snowman at the position indicated by (r, θ, ϕ) and Pinc is a 2 kHz monopole
source located at a radial distance of 82.5 cm and at (θ, ϕ) = (90°, 0°) with
respect to the snowman head center taken as the center of the coordinate
system. In this figure, H was computed using the C++ code ported from the
Matlab implementation of the the multipole reexpansion method (see, e.g.,
[106, pp. 150-160] [107]) by the present author. The truncation order to
compute H was set to 20. Here H represents the analytic solution required
for the code verification task (see Sec. 3.1.1).

the FDTD-computed pressure generated in the free field to obtain Pinc.
Finally, Phead is divided by Pinc to obtain H. The subsequent steps in which
the FDTD-computed H functions undergo a verification procedure follow
Secs. 3.1.1 and 3.1.2. These steps are exemplified in Publications I and II.

3.2 Comparisons

Another approach to assess the quality of FDTD-computed solutions is
to compare them with results from measurement data or other well-
established wave-based simulation methods.

3.2.1 Measurement data

In the V&V literature, validation deals with quantified comparisons be-
tween experimental data and computational data [108].

The benchmark for room acoustical simulation (BRAS) database [109,
110] has been utilized in the context of validation process and some results
are presented in Publication III. Though the data contained in the BRAS
database was complete to build the computational model of the measured
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room that was investigated, the physical model perhaps had some limita-
tions. More precisely, it was found in Publication III that the input material
data, as provided by the BRAS database, was the potential cause of the
large deviation observed between the simulated and measurement data.
Although frequency-dependent random-incidence absorption coefficients
were provided in BRAS, it seems that real-valued reflection coefficients,
which were converted from these latter using the calculations presented in
Sec. 2.5.1, poorly represent real material in rooms. The uncertainty of the
material input data has also been quantified in [111].

Similar to benchmark cases, scale models can also be a useful tool since
they enable comparisons between the numerical solutions of different
computational methods due to their simplifications of the real world [112].

3.2.2 Other wave-based methods

Other computational methods categorized as wave-based methods, such
as the BEM and the finite element method (FEM), can be employed for
comparisons with the FDTD method. These methods, which are usu-
ally formulated in the frequency domain, aim at numerically solving the
Helmholtz equation which essentially is the frequency-domain equivalent
of the continuous linear acoustic wave equation Eq. (2.1). These compar-
isons further provide confidence in the FDTD-computed solutions since
these aforementioned wave-based methods should all converge towards
the same solution, albeit some major differences exist, such as the source
definition and the accuracy criteria.

Publication III includes such comparisons (between FDTD- and FMBEM-
computed solutions) for the room acoustic-related problem of eigenfrequen-
cies prediction for two cuboic rooms, as well as the estimation of commonly
predicted room acoustic parameters (reverberation time, early decay time,
clarity, and definition) for five room acoustic scenario of increasing com-
plexity. The results demonstrate good agreement between the results from
the two numerical methods.
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While Sec. 3 presented an overview of the methods employed to numer-
ically evaluate FDTD-computed solutions, the present section gives a
summary on the existing methods related to the evaluation of FDTD-
computed solutions in a perceptual point of view and the context of room
acoustic modelling. Several previously published related studies, their
experimental methods, results, and limitations are also provided as exam-
ples. This section considers that the “operational validity” [89] of an FDTD
simulation be that it results in dispersion error-free auralizations.

4.1 Experimental methods

The first mention of “auralization” in the acoustics community seems to
appear in 1952 by Martin [113] who defined the term as the counterpart
in hearing to the term “visualization” in seeing. Later in 1993, the term
was re-coined by Kleiner et al. [114] for the room acoustics community
and defined as follows: “auralization is the process of rendering audible, by
physical or mathematical modeling, the sound field of a source in a space,
in such a way as to simulate the binaural listening experience at a given
position in the modeled space”. Further, Vorländer [115, p. 103] broadened
the definition by stating that “Auralization is the technique of creating
audible sound files from numerical (simulated, measured, or synthesized)
data.”. From these definitions, it becomes evident that auralization is the
main basis for perceptual evaluations of FDTD-computed solutions.

Another key element constituting a basis for perceptual evaluations of
FDTD-computed solutions, and more broadly any audio signal, is the use
and implementation of a listening experiment. In fact, besides the use of
predictive modeling techniques (which employ perceptual models of the
human auditory and cognitive system to predict a human response to an
audio signal) as a means to study perceptual audio characteristics, listen-
ing tests/experiments constitute the only alternative to assess the human
perception of an audio signal [116, pp. 1-3]. Whether perceptual thresh-
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olds for numerical dispersion (as in [25, 26], and experiment 1 from [117])
are measured or the identification of the frequency region over which the
numerical dispersion becomes perceptually noticeable is undertaken (as in
[27]), there exists a suitable perceptual evaluation approach to employ. The
experimenter’s task consists of choosing the most appropriate listening
experiment paradigm and to conduct the experiment following several
technical (e.g., test planning, administration and reporting, electroacousti-
cal considerations) and experimental (e.g., stimuli, subjects, reproduction
system, listening room, statistics) considerations. For brevity (there are
a multitude of possible listening experiment paradigms to quantify the
impression of a listener) and so as to focus on the core topic of this disser-
tation, the following sections are reduced to presenting the most relevant
approaches related the assessment of the perception of numerical disper-
sion in FDTD-computed/emulated solutions/signals.

4.1.1 Discrimination testing

Discrimination testing offers the possibility to determine whether a dif-
ference can be perceptually perceived between two or more samples [118,
p. 79]. Although this type of sensory evaluation method does not describe
or qualify any of the perceived differences [119, p. 184], it can be still useful
and is commonly used in the audio context. There are several types of tests
that are part of discrimination testing (a summary can be found in, e.g.,
[118, p. 81]).

Any discrimination test is based on the rejection of the null hypothesis H0

that states that no difference is perceivable between two or more stimuli.
The statistical test chosen should give a probability value indicating that
the result was only due to guessing. If this probability is sufficiently low,
the null hypothesis can be rejected. Three statistical methods are suitable
for analyzing discrimination tests, namely the chi-square, binomial and
normal distribution statistics [120]. The base assumption in these methods
is that all the subjects are forced to give an answer, no matter their level
of certainty while answering. In other words, subjects either answered
correctly or incorrectly in the test. When testing the null hypothesis, two
types of errors can be made by the experimenter, namely the error of Type
I, also referred to as α and the error of Type II, also referred to as β. The
error Type I occurs when the experimenter concludes that the stimuli are
perceived as being different when they are not. In other terms, the null
hypothesis H0 is rejected when it is true. This type of error is controlled by
the significance level that is chosen by the experimenter. This significance
level value represents the probability of rejecting the null hypothesis H0

(stating that there is no perceivable difference between the stimuli) when
it is true. For example, a significance level of 0.05 (value commonly used)
indicates a 5% risk of concluding that a difference exists when there is
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no actual difference. In other terms, this value of 0.05 means that there
is a 1 in 20 chance of making an error of Type I. Optimally, this value
should be very low. On the contrary, the Type II error occurs when the
experimenter concludes that there is no perceivable difference when the
null hypothesis H0 is actually false (meaning that there is a perceptible
difference). The rate of this error type is denoted β and is directly related
to the statistical power of the test, that equals 1− β. This means that the
power of a test is defined as the probability of finding a difference when
one indeed exists. The power of a test is controlled by the magnitude of the
difference between the samples (however not quantified in the subjects’
answers), the significance level, and the number of subjects passing the
experiment.

In all of the earlier work focused on perceptual evaluations of FDTD re-
sponses (see Sec. 4.2 for a summary), discrimination tasks were employed.
While a paired-comparisons routine was used in experiment 2 from [117]
and a three-alternative forced-choice procedure was used in experiment 1
from the same study as well as in [25, 26], the most popular test employed
(in [27, 121, 122] as well as Publication IV) was the ABX test. An ABX
consists in matching one unknown stimulus to one of the two known stim-
uli. As strengths, this type of test does not require the participant to have
prior knowledge of the samples. Therefore, listening experiments using
the ABX test can be performed by both naive and experienced subjects.
There are also a fewer samples present in this type of test compared to
the dual-standard or tetrad tests, therefore fatigue is minimized. As a
drawback, the fact that there is no specific attribute defined for finding
the differences, a lack of guidance in what the subjects could perceive may
yield to difficulties for the participants to perceive any differences.

4.1.2 Threshold measurement

Psychophysics, whose term was coined by Fechner [123], is the subfield
of psychology devoted to the study of physical stimuli and their interac-
tion with sensory systems [124, p. 359], including hearing. Threshold
measurement, which is one of the fundamental experimental methods to
psychophysics, is herein succinctly discussed as it was used in Publication
V. As threshold measurement allows for the quantification of the sensitiv-
ity of sensory systems, it is still broadly used for various purposes in, e.g.,
the food industry (see some notable references from [118, pp. 145-147]).

Conceptually, an absolute or detection threshold is the minimum inten-
sity of some stimulus that a person can notice with their senses. However,
since reactions to stimuli are variable, the threshold must be of a statistical
nature. For that reason, the threshold has been typically defined as the
stimulus intensity which is perceptible in 50% of the trials [125, 126, p. 45],
though other percentages (e.g., 75% [127]) can be considered. Note that
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there exist other types of threshold, such as the difference threshold, also
sometimes referred to as just-noticeable difference but these are out of the
scope of this section since perceptual detection thresholds for numerical
dispersion were measured in Publication V.

Methods
Fechner’s original methods to measure sensory thresholds, today classi-
fied as classical psychophysical methods [126, p. 45], were the following:
the method of constant stimuli, the method of limits, and the method of
adjustment [128].

The method of constant stimuli is non-adaptive, which means that the
stimulus intensity levels included in the measurement procedure are deter-
mined prior to starting the procedure and independent of the participants’
responses. Briefly, the method of constant stimuli consists of presenting a
set of stimuli with different intensities to the participants and counting
the number of responses for which positive stimulus detection is observed
from a “yes/no” task. The set of stimuli is presented repeatedly and in
random order to the participants. From the counts of “yes” answers, a
curve describing the proportion of positive stimulus detection as a function
of stimulus intensity is fitted1. From that curve, which is called the psy-
chometric function, the threshold is extracted as the stimulus intensity
that would be detected 50% of the time. However, the method is rather
inefficient due to the large quantity of measurement points to collect in
order to obtain the psychometric function. This is especially true if the
sole point of interest of the experiment is the threshold estimate. In the
method of limits, the stimulus intensity level is increased or decreased
until the participant’s response changes from no detection to detection or
from detection to no detection, respectively. Over many trials, the average
point of change can be taken as the person’s absolute threshold. Finally,
the method of adjustment consists of giving the participants’ control on a
variable stimulus and ask them to match it to a reference stimulus.

Due mostly to the lack of efficiency of these classical psychophysical meth-
ods, adaptive procedures in which the presentation of the next stimulus
depends on previous responses of the participant were further developed.
For example, the simple staircase “up and down” procedure formalized in
[129] was refined and modified to estimate different threshold points on
the psychometric function [130], resulting in several different up and down
transformed response rule staircase procedures. Other adaptive methods
were also proposed such as the parameter estimation by sequential testing
[131], whose speed/accuracy tradeoff was improved in [132], maximum like-
lyhood methods [133, 134], and Bayesian methods [135, 136]. Essentially,
these approaches differ in terms of how the stimulus levels are determined
during the course of the listening experiment. As a consequence of these

1There exist various fitting strategies based on mathematical techniques.
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differences, the different approaches also differ in terms of efficiency and
accuracy depending on a given experimental situation [137].

Considerations
There are several aspects to consider when designing a threshold measure-
ment procedure (e.g., see the review from [138] reporting the characteris-
tics of fixed step-size staircases used in recent studies).

A first aspect is the stimulus intensity level at the start of the measure-
ment procedure. For an efficient measurement procedure, this starting
stimulus intensity level should not be too far from the true threshold
[139], thus several preliminary series exploring the range in which the
threshold falls are necessary. A second aspect is the step size, which can
be determined using some of the adaptive approaches mentioned in the
previous paragraph, or based on preliminary informal listening sessions,
as in Publication V. Note that the step size can also either be fixed or
varied during the course of the procedure. The measurement procedure
stopping criterion rule employed is another aspect. It can be based, e.g., on
a fixed number of reversal points or a fixed total number of trials attained.
In both cases, these numbers (reversal points or trials) considered become
additional levels of detail to take into account since the final threshold
estimate can be taken as a linear average of the last X reversal points
or numbers of trials. Another aspect relates to the percentage of correct
answers estimating the threshold on the psychometric function. This is
essentially determined based on the threshold measurement procedure.
For example, in Publication V, the measurement procedure consisted of an
adaptive transformed up-down staircase procedure using a two down/one
up algorithm. Such a staircase procedure converges towards the stimu-
lus intensity level at which the probability of correct answers is 70.7%.
A last important aspect, yet less discussed, concerns the employed ex-
perimental task to make the participants answering at each trial of the
staircase procedure. For adaptive procedures, the experimental task is of-
ten a forced-choice task such as the three-alternative forced choice (3-AFC).
Other procedures such as the triangular procedure [140] (as employed in
Publication V), or a simple “yes/no” task as it was traditionally used in
the method of constant stimuli, can be also used to measure a sensory
threshold.

4.2 Earlier work

Section 4.1 discussed the means to perceptually evaluate FDTD-computed
solutions polluted by the discretization error. The current section presents
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previously2 published3 FDTD-related studies (also reported in Table I of
Publication V), as well as other previous available work which employed
auralization in listening experiments to investigate the perception of nu-
merical dispersion.

Reproduction method
In most of the previous existing experiments pertaining to the percep-
tual evaluation of numerical dispersion in the context of room acoustic
simulations, the reproduction of the stimuli was done over headphones
and consisted of the same signal fed to each ear (i.e. diotic listening).
Only in the more recent years, spatial reproduction through an array of
loudspeakers was considered as in [117], though in experiment 1 from the
same publication the synthesized stimuli consisted of a direct sound and
a single reflection that were presented to the listeners through a pair of
loudspeakers in the horizontal plane.

Single reflection and/or direct sound
Tightly related to the employed reproduction method, the studies using
diotic listening generally focused on simple scenarios (relative to scenar-
ios where full room responses are included) to evaluate the audibility of
numerical dispersion. For example, Saarelma et al. [25] measured the
distance threshold for the audibility of numerical dispersion in a free-field
environment. The authors employed FIR filters to emulate a plane wave
propagating in the free field of the FDTD simulation domain (i.e. contain-
ing numerical dispersion) in the direction of the worst-case error for three
different numerical schemes4, including the SRL scheme. The propagation
distance was varied until the perceptual threshold for the audibility of
the error was attained, while the percentage of phase velocity error was
fixed at 2% at 20 kHz. The three different FDTD schemes led to similar
measured thresholds. This result suggests that comparing several numer-
ical schemes with a similar phase velocity error profile leads to similar
measured perceptual thresholds. However, it is important to mention that
the similarity of the phase velocity error profile across schemes strongly
depends on the level at which the phase velocity error is fixed. The distance
at which numerical dispersion became audible was measured to be 9.1 m
when a click-like signal was used as the sound sample for the auraliza-
tion whereas it was measured to be 35.7 m when a speech sentence was
employed for the auralization. This result suggests a strong dependency
of the measured perceptual thresholds on the sound sample used in the
auralizations.
2Prior to this thesis work.
3In international conferences or journals.
4It is worth noting that the direction for which numerical dispersion is the most
pronounced differs across FDTD schemes.
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In a similar study, Saarelma and Savioja [26] added air absorption (via
filtering) to the previously employed FIR filters emulating plane wave
propagation in the free field in the direction of the worst-case dispersion
error for the CCP scheme. The authors then measured the audibility
threshold for numerical dispersion in auralizations of free-field responses
with a click-like signal as the sound sample for four different propagation
distances (10 m, 50 m, 100 m, 344 m) with and without air absorption.
The authors found that adding air absorption generally masks numerical
dispersion in the studied distance conditions. Across the four distance
conditions, the lowest perceptual threshold for numerical dispersion mea-
sured as percentage of phase velocity error at 20 kHz was 0.16% with
air absorption included while it was around 0.018% with air absorption
excluded.

In experiment 1 from [117], Saarelma and Savioja synthesized several
impulse responses containing a direct sound and a single reflection. The
delay between the arrival time of the direct sound and the reflection varied
to 5 ms, 10 ms, and 20 ms. Using the same FIR filters as mentioned above
to emulate numerical dispersion, the authors introduced the worst-case
error either in the direct path or in the reflection path while the other
part of the impulse response was kept dispersion error-free. The different
impulse responses were further convolved with a click-like and a speech
signal. The authors then measured the audibility threshold for numerical
dispersion for each condition as percentage of phase velocity error at 10
kHz. For the click-like signal, they found that for the two highest values
of time delay between the direct sound and the early reflection (i.e. 10
ms and 20 ms), the measured perceptual thresholds are higher when
the worst-case error is in the direct path in comparison to when it is in
the reflection path, suggesting that the accumulated error from longer
propagation distances may be more easily audible. Although the statistical
analysis led to inconclusive results for the speech signal condition, the
mean perceptual thresholds for numerical dispersion were generally higher
when the worst-case error was in the reflection path in comparison to when
it was in the direct path, which is the opposite than what was observed for
the click-like signal.

Similar to [26], Southern et al. [27] evaluated the perception of numerical
dispersion for receiver responses recorded at five different distances from
the source in the free field for two different (axial and diagonal) directions.
The authors employed the 3-D-SRL scheme to simulate these distance
conditions using a single sampling frequency (5 kHz). In a post-processing
stage, the authors low-pass filtered the FDTD-simulated response at five
different cutoff frequencies and used two different anechoic recordings
(a trombone phrase and a violin cello phrase) in the auralizations. The
perceptual evaluation consisted in determining whether the axial and diag-
onal directions lead to differences for each test condition (distance, cutoff
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frequency, and music phrase). The authors found that when considering
the modelled direct sound through the horizontal plane of the scheme
with a sampling frequency fs set to 5 kHz, numerical dispersion becomes
perceivable at a normalized frequency (i.e. f/fs) of around 0.12 – 0.15,
where f represents the upper frequency limit of the frequency bandwidth.

Full room responses
Amongst the studies pertaining to the perceptual evaluation of numerical
dispersion, full room responses were only included in the study from Cobos
et al. [121], the master’s thesis work from Pérez [122] and experiment 2
from [117], to the best of the present author’s knowledge.

In [121], the authors studied a room with maximum dimensions 11 m ×
8 m × 5 m and a volume of 327 m3. The same reflection coefficient (0.8)
was applied to all the room boundary surfaces. The simulations, which
were run using a K-DWM formulation and whose bandwidths were limited
to 5 kHz, employed three different sampling frequencies (fs = 20 kHz, 30
kHz, and 40 kHz). The three simulated room impulse responses were
further convolved separately with a speech sentence pronounced by a male
and by a female and integrated in a listening experiment. The listening
experiment essentially consisted of four tasks, two of which consisted of
comparing the simulation ran with fs = 20 kHz with this ran with fs =
30 kHz convolved with the male voice. The two remaining tasks were the
analogue with the female voice. The counts of non-detectable/detectable
differences revealed that none of the participants could distinguish the
simulations ran with fs = 30 kHz from these ran with fs = 40 kHz for both
speech material. Two and three participants could detect the difference
between the simulations ran with 20 kHz and 30 kHz for the male and
female speech, respectively.

In a similar yet more comprehensive study, Pérez studied two rectangu-
lar rooms with dimensions 13 m × 9 m × 4 m and 8.125 m × 5.625 m ×
2.5 m, respectively. Each room was modelled with two different specific
acoustic admittance β = 0.025 and 0.01 (see also Sec. 2.3.4) applied on all
boundary surfaces, thus resulting in four different rooms. The simulations,
which were run using the SRL scheme and whose bandwidths were limited
to 5 kHz, employed five different sampling frequencies (fs = 17321 Hz,
34641 Hz, 51962 Hz, 69282 Hz, 86603 Hz), with the four last sampling fre-
quencies being multiples of the first. The simulation outputs were further
convolved with a male pronouncing “Techniques for acoustic simulations.”
in an anechoic chamber. The simulation which was run with the highest
sampling frequency was considered as the ground truth in the listening
experiment. This ground truth FDTD-computed solution was compared
with each of the remaining four FDTD solutions in a discrimination test
(see also Sec. 4.1.1) for each room condition. The statistical analysis indi-
cated that there was no perceptual differences between the auralizations
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produced with the simulations ran with fs = 51962 Hz, 69282 Hz and
the ground truth ran with fs = 86603 Hz for the four rooms. It was also
concluded that there are perceptual differences between the auralizations
produced with the two coarsest simulations compared to the ground truth
for all the rooms, except for the smaller room with higher absorption.

In experiment 2 from a more recent study dated from 2019, Saarelma
and Savioja [117] simulated a rectangular room with dimensions 7 m ×
5 m × 2.8 m. Five different frequency-independent reflection coefficients
were attributed to different boundary surfaces such that the reverberation
time in the simulated room was approximately 0.6 s. Three different
sampling frequencies (fs = 59583 Hz, 119165 Hz, 238330 Hz) based on
mean measured thresholds from experiment 1 of the same study were
chosen to simulate the room. Two receivers (positioned at distances of 2.9
m and 4 m from the source) and two sound samples (click-like and speech
signals) were chosen for the auralizations. The results show that the error
levels attained in experiment 1 do not suffice to mask the audibility of
numerical dispersion in the full room responses.

Limitations
While the aforementioned studies including a single reflection and/or the
direct sound provided some useful results for simple scenarios, they do
not provide a sufficient foundation on what to expect for more complex
room acoustic scenarios. For example, the accumulated dispersion error
with simulated distance in a typical room impulse response (i.e. including
early reflections and late reverberation) is omitted. The effects of the
room acoustic properties, such as the amount of absorption in the room,
are also ignored. Furthermore, Southern et al. [27] underlined that a
change in the sampling frequency will not necessarily lead to the same
normalized frequency region for which the error became perceivable (which
was measured to be between 0.12 – 0.15), meaning that the obtained results
were limited to the experimental conditions considered.

From the studies including full room responses, it is difficult to generalize
the results obtained. That is because the studies either employed different
sampling frequencies or considered different frequency bandwidths. In
addition, the different source material used in the auralizations add up to
the complexity of interpreting and generalizing the obtained results.

Another limitation concerns the choices to model the room. For example,
Cobos et al. point out that their results are not applicable to other cases
due to their choice of the single frequency-independent reflection coeffi-
cient which does not corroborate the higher absorption as the frequency
increases, as observed in practice. Publication V addresses this limita-
tion since the room properties, as well as the medium properties (i.e. air
absorption), are encoded in the BRIRs.

It also seems that the reference or ground truth utilized in the listening
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experiments was an FDTD-computed solution already containing numeri-
cal dispersion. This implies that the obtained results were relative to the
degree of the error contained in the reference solution.

Finally, the scale onto which numerical dispersion was perceptually
evaluated in full room responses was limited to five different sampling fre-
quencies at best, which may not be sufficiently close to the true researched
value of perceptual limit. Another closely related limitation is that the
studied rooms were simulated using FDTD solvers, which in term imposed
some restrictions on the error levels that could be generated.

4.3 Binaural synthesis

Binaural cues are calculated based on interaural (from the Latin -inter
meaning between and -aural meaning of or pertaining to the ear) differ-
ences and essentially permit the localization of sound sources. Formulated
differently, the binaural signals encode the sound field heard at the ear-
drum.

In order to produce more realistic acoustic auralizations, spatial encoding
and decoding methods became the focus of numerous studies. As the use
of FDTD simulations for auralization purposes evolved to more advanced
reproduction methods, binaural auralizations became another reference
frame to perceptually evaluate FDTD simulation results. The following
subsections present methods to produce binaural signals from FDTD-
simulated signals.

4.3.1 Embedded geometry

A straightforward approach to generate binaural signals consists in incor-
porating the geometry to be simulated inside the simulation domain. The
geometry can be, e.g., a human head, a human head and torso, but also a
simplified model of a human head or human head and torso such as the sin-
gle sphere or the snowman models. Usually, the geometry is obtained from
3-D scans if it is taken directly on a human, or modeled using 3-D modeling
software (e.g., Rhinoceros [141], SketchUp) if the simplified model of a
human head or human head and torso is composed of spheres, for example.
However, the major downside of this approach is the computational re-
sources required to simulate such geometries. Because the geometry needs
to be represented faithfully to capture the morphology details, this implies
running simulations with a high temporal sampling frequency (i.e. small
grid spacing). This approach was used in [3, 142, 143, 144], for example.

46



Perceptual evaluation

4.3.2 Spherical array processing

Another approach to binaural synthesis using the FDTD method, is the
method introduced in [145, 85], which was employed in Publication IV.
This approach combines HRTFs measured in the free field, usually taken
from publicly available databases (e.g., from the University of Cologne
[146] as used in Publication IV) and spherical array processing. This
method entails embedding a spherical receiver array inside the simulation
domain. Earlier work on SH encoding of FDTD simulations was explored
in [147].

The pressure signals at the FDTD grid nodes p(r, t) can be approximated
in the frequency domain by [85]

p(r, ω) ≈
N∑︂

n=0

n∑︂

m=−n

S̆m
n (ω) jn(kr)Y

m
n (θ, ϕ)⏞ ⏟⏟ ⏞

B

, (4.1)

where N is the maximum SH order, S̆m
n (ω) are the SH expansion coeffi-

cients for a plane-wave, jn(.) is the nth order spherical Bessel function,
and Y m

n (θ, ϕ) are the SH basis functions of degree n and order m as defined
in [85] with the colatitude θ and the azimuth ϕ angles of each of the array
receivers with respect to the center of the array.

The SH expansion coefficients for a plane-wave with propagation direc-
tion (colatitude θpw, azimuth ϕpw) are given by [148, p. 105]

S̆m
n (ω) = 4πinY m

n (θpw, ϕpw)
∗ , (4.2)

where Y m
n (θpw, ϕpw)

∗ denotes the complex conjugate of Y m
n (θpw, ϕpw).

From the pressure signals captured at the receiver array nodes, it is
possible to numerically retrieve S̆m

n (ω) by calculating the Moore–Penrose
inverse of the matrix B from Eq. (4.1) if p(r, ω) is known inside a densely
sampled volume [85]. Soft-limited radial filters, as defined in [85], can be
also used in the numerical operation since radial filtering was shown to
further enhance the numerical robustness of volumetric arrays [145, 85].
Finally, combining the obtained S̆m

n (ω) with HRTFs measured in the free
field transformed in the SH domain as in Eqs. (4.3) and (4.4), the left-ear
p(ω, α)l and right-ear p(ω, α)r pressure signals in the frequency domain
can be obtained [85].

p(ω, α)l =

N∑︂

n=0

n∑︂

m=−n

(−1)mS̆−m
n (ω)∗H l

nm(ω)e−imα , (4.3)

p(ω, α)r =

N∑︂

n=0

n∑︂

m=−n

(−1)mS̆−m
n (ω)∗Hr

nm(ω)e−imα , (4.4)

where α (in radians) is the azimuth angle of the head orientation, which
was evaluated from 0° to 359° with 1° increments. H l

nm(ω) and Hr
nm(ω) are
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the SH expansion coefficients of the HRTFs measured in the free field for
the left- and right-ear, respectively. Note that the head orientation angles
can be reduced to one pair of angles if dynamic binaural synthesis is not
considered. In fact, dynamic reproduction with head tracking was included
in Publication IV but interviews with the participants revealed that most
of the participants did not use the head movements during the listening
experiment.

The main limitation of this approach is related to the limitation of the
array whose performance is controlled by the sampling scheme and number
of receivers. This is the topic of discussion of numerous studies. Other
tightly-related topics of discussion include the SH order, the array design
(open sphere, closed sphere, dual-radius sphere), size and sampling consid-
eration (Lebedev, Gaussian grids), as well as the use of radial filters. For
more in-depth discussions, the interested reader is referred to, e.g., [148,
pp. 57-73].

In order to avoid the spherical array processing from previous methods,
another method, presented in [149], proposed to formulate and integrate
the spatial encoding process directly in the FDTD scheme.

4.3.3 Filters

Another approach to generate binaural signals containing numerical dis-
persion is to directly convolve measured binaural room impulse responses
(BRIRs) with FIR filters emulating the dispersion error, hereafter referred
to as dispersion filters. This approach, which was proposed and applied in
Publication V, can be considered as an extension of the one proposed and
applied in [25, 26], as well as in experiment 1 from [117]. The approach is
described below.

The impulse response represents the response of a linear time-invariant
system (e.g., a room in the context of room acoustics) to an impulse signal.
Essentially, the impulse response encodes the sound field that has origi-
nated from an impulse signal emanating from a sound source and that has
arrived at a receiver point. It can be expressed more generally, for a plane
wave propagating, by introducing the wavenumber component k̂x which
represents the propagation direction, as follows

h(t) = F−1
[︂
ej(ωt−k̂xd)

]︂
, (4.5)

where t is fixed at 0 while ω is evaluated in the range ]0, π]. F−1[·] denotes
the inverse Fourier transform and d denotes the source-receiver distance,
which can be set based on the time sample of the measured BRIR whose
convolution operation is done with.

Solving Eq. (2.16) for k̂x gives

k̂x =
2

X
arcsin

(︃
1

λ
sin

(︃
ωT

2

)︃)︃
. (4.6)
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The approach is straightforward and consists of convolving the dispersion
filters described by Eq. (4.5) with the measured BRIRs. The main advan-
tage of this approach is the flexibility in the choice of the error level that
can be emulated using the dispersion error filters, this independently of the
size of the room. Said differently, unlike the two previously described meth-
ods for binaural synthesis formulated using the FDTD framework, this
approach does not require to run any simulations. As such, the technique
is not as limited by the computational resources as the other existing ap-
proaches producing binaural signals from simulated responses. In contrast,
the proposed technique requires the computation of convolutions (between
the BRIRs, the dispersion filters and the sound samples), which result in a
relatively low computational cost in comparison to running simulations. In
addition, the growing availability of public databases containing measured
BRIRs (a list of such repositories is provided in [150]) makes the technique
rather practical, though since it relies on measured BRIRs, the cases that
can be treated are confined to the measurement conditions (rooms and
source-listener positions).

The major limitation of this technique emulating numerical dispersion
comes from the fact that the dispersion relation Eq. (2.15) can not be
solved for the numerical wavenumber as a function of frequency for all
propagation directions5. In term, this means that the dispersion filters can
not be derived for all possible propagation paths encoded in the BRIRs, and
thus uniform/isotropic numerical dispersion must be rather considered.

Group delay
The group delay, which is a measure of phase distortion, is defined as
follows (see, e.g., [151, p. 163])

τg = −dϕ(ω)

dω
, (4.7)

where ϕ(ω) is the unwrapped phase shift and ω is the angular frequency.
The group delay of dispersion error filters was evaluated in [25]. Other

studies in audio-related literature investigated thresholds for audibility
of the group delay error [152, 153, 154, 155, 156]. The results from these
studies corroborate. Similar to the phase velocity error, the group delay is
useful to describe the dispersion filters. The group delay was also utilized
as a means to choose the sampling frequency of the simulations, e.g.,
in [157]. When the dispersion filters are however incorporated in more
complex signals, e.g., a BRIR convolved with a speech signal, the metric
becomes difficult to interpret.

Method of successive convolutions
While the dispersion filters for the worst-case dispersion error (occurring
for a wave propagating in the axial direction of the FDTD grid) can be
5Note that for isotropic schemes, this is possible.
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Figure 4.1. Comparison between an FDTD-simulated response recorded at a distance of
1.3 m from a source in the axial direction of the grid (labeled “FDTD-simulated
at 1.3 m”) and an FDTD-simulated response recorded at a distance of 0.65
m from a source in the same axial direction convolved with itself to emulate
the doubled distance (labelled “Convolution”). Note that the simulation was
run using a sampling frequency of 264030 Hz and the source signal was a
Kronecker delta.

generated outside of the FDTD framework, the filters can also be directly
generated from a single FDTD-simulated response. More explicitly, first
the receiver response located at a certain distance from the origin of the
system coordinate in the axial propagation direction is recorded. Convolv-
ing this response with itself would produce the response of a wave that has
propagated with a doubled distance in the simulation domain in the same
direction. Taking this newly created response and convolving it again with
itself would further prolong the emulated distance to double of the doubled
distance. Thus, successive convolutions from a single simulated response
could also emulate numerical dispersion as a function of distance. However,
unlike the approach using FIR filters, the first simulated response would
have to be simulated using a different sampling frequency to vary the
degree of the error level. Note that this approach would only be possi-
ble for the axial direction propagation since the numerical dispersion is
anisotropic which implies that doubling the distance leads to less than two
times the error at the first measured distance. An example of a dispersion
filter generated from the method of successive convolutions of an FDTD
response is provided in Figure 4.1.
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5. Contributions

Publication I - “Finite-difference time-domain simulations: Verification on
head-related transfer functions of a rigid sphere model”

The FDTD solver employed in this publication was previously verified
in the absence of the voxelization error. In this publication, the code
verification process is extended to the problem of scattering from a rigid
sphere model, i.e. including the voxelization error. In the process, special
attention is given to the effect of the precision of the simulations and the
spatial interpolation on the convergence rate estimation.

Publication II - “Verification on Head-Related Transfer Functions of a
Snowman Model Simulated Using the Finite-Difference Time-Domain
Method”

This publication is tightly related to Publication I as the snowman model,
composed of two spheres, is an extension of the single sphere model. As
such, it provides a foundation on what to expect for verification tasks on
the FDTD simulations of even more complex geometries. In addition to
proceed to a comprehensive verification procedure, this work evaluates the
accuracy of the employed solution verification method using the available
analytic solution. In the absence of existing error bounds on the HRTFs of
the snowman model computed using the multipole reexpansion technique,
this publication also contributed to the empirical quantification of an error
estimate in the analytic solution. The publication also includes a practical
solution to mitigate the round off errors polluting the computation of
highly accurate analytic solutions for the problem of sound scattering from
a snowman model.
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Publication III - “Benchmarking of finite-difference time-domain method
and fast multipole boundary element method for room acoustics”

This publication deals with the comparison of FDTD- with FMBEM-
computed solutions for five room acoustic scenarios with increased material
input data complexity and aims at evaluating the capability of the two
solvers in simulating practical scenarios. The work also includes compar-
isons of measured and simulated data, confirming that the uncertainty in
the material input data has a negative impact on the correctness on the
simulation results. The publication also shows that with well-informed
user-defined parameters to set the FDTD and FMBEM solvers, both nu-
merical methods provide numerical results that are in agreement.

Publication IV - “Identification of virtual receiver array geometries that
minimize audibility of numerical dispersion in binaural auralizations of
finite difference time domain simulations”

Volumetric arrays were shown to perform well in terms of numerical
robustness and spatial aliasing in comparison to other array designs. In an
FDTD framework where the number of receivers constituting the array is
only limited by the FDTD spatial grid spacing, the use of volumetric arrays
becomes attractive to produce binaural auralizations. This publication
investigates several volumetric receiver array designs, varying in size
and density of receivers, from the perceptual standpoint. The paper also
highlights that a simple magnitude difference in the spectra of a dispersion
error-free left-ear signal and this of a left-ear signal polluted by numerical
dispersion is not sufficient to quantify the overall error in binaural signals.

Publication V - “Perceptual detection thresholds for numerical dispersion
in binaural auralizations of two acoustically different rooms”

This publication proposes a method to produce binaural auralizations of
rooms containing numerical dispersion without the use of an FDTD solver.
The technique employs measured BRIRs and FIR filters emulating the
dispersion error and serves as an exploratory method to investigate the per-
ceptual limits for the audibility of the error, on the conservative side. The
technique does not require to run any simulations, and as such overcomes
the main limitation of the other existing methods producing binaural au-
ralizations from FDTD simulations. In this paper, the method is used to
measure perceptual detection thresholds for numerical dispersion in binau-
ral auralizations of two acoustically different rooms, providing guidelines
on the minimum grid resolution for producing error-free auralizations.
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6. Concluding remarks & prospects

This dissertation dealt with both numerical and perceptual aspects related
to the SRL scheme of the FDTD method. In particular, the focus was on
the discretization error which can lead to audible artefacts when poorly
accurate FDTD-computed solutions are auralized.

As part of the contributions of this dissertation, a comprehensive veri-
fication procedure (i.e. including both a code and a solution verification
processes) was performed on the problem of HRTF modeling for two ge-
ometries of increasing complexity. The results showed that it is possible to
achieve accurate asymptotically-predicted HRTFs up to 10 kHz, which can
be regarded as a relatively high frequency in that context. Albeit the two
geometries represent simplified models for HRTF modeling, the results
provided a foundation on what to expect for more realistic geometries such
as human heads and torsos.

This dissertation also considers that accurate-enough FDTD-computed
solutions be also defined from the perceptual view point, in which case the
auralized simulated data be perceived as dispersion error-free. For that
aim, thresholds for the audibility of the discretization error were measured
in binaural auralizations of two acoustically different rooms. The results
show that the perceptual accuracy is the most easily attained if speech
is used in a dry room and the hardest to achieve if an impulse is used as
the source signal in a reverberant room. Some guidelines were provided
so as to construct virtual spherical receiver arrays that would produce
perceptually dispersion error-free binaural auralizations.

Overall, the results presented in this dissertation indicate that with suf-
ficient knowledge of the numerical errors associated to the FDTD method
and appropriate user-defined parameters for running the simulations, ac-
curate FDTD solutions can be computed for room acoustic problems, both
from the numerical and perceptual standpoints.

Despite the contributions of this dissertation in measuring (new) per-
ceptual thresholds for numerical dispersion in representative and various
cases, there still seems to be limitations on the generalization of the ob-
tained results to other cases. One possible cause of such a limitation relates
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to the error assessment of numerical dispersion. Are the phase velocity
error and the group delay well-suited to quantify the dispersion error that
is heard in the final auralizations? Since these error metrics are frequency
dependent, should they be somewhat normalized to the effective source
bandwidth?

Another future work could focus on measuring perceptual thresholds
for numerical dispersion using more accurate schemes (recall that the
SRL scheme has the poorer accuracy amongst the compact explicit FDTD
schemes) in the sensitive cases (i.e. reverberant spaces with an impulse as
the sound source in the auralizations).

It would also be useful to analyze the validity of the approach proposed
in Publication V. It is unclear how strongly the measured thresholds in the
binaural auralizations would change if the dispersion error filters would
represent the actual propagation paths encoded in the BRIRs. A step
forward to evaluate such a change could consist of comparing binaural
signals generated from an FDTD simulation with these generated from
the filtering approach.

Another area of research could focus on the effects of numerical dispersion
on the accuracy of the binaural synthesis. In particular, its effects on the
perception of sound localization.
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